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The present paper is concerned with the frictionless drawing of a thin
tube through a conical die, assuming that the end section of the tube is
free of stress. This problem is related to the problem of deep-drawing,
formulated and solved by Hill [1 ] subject to the yield criterion of
Tresca.

Let us consider the problem of the draw-
ing of a thin tube using the usual yield ; Jt—a”—aﬁ+——%7—>t
criterion and the corresponding relations Z
between the stress components and the rate
of strain components. /7”

The initial distance of a particle in the ’
tube from the symmetry axis will be denoted
by ro and the end-section radius by a, (Fig.
1). The distance of this particle from the
axis will be denoted by r when the radius of
the end section is a (Fig. 2). Pig. 1.

The radial velocity v is conveniently measured relative to the radius
as the time scale, and the initial radius aq can be set equal to unity.

The stress- and strain-rate fields in the conical tube will be deter-
mined by the stress components 03, Oy and by the strain-rate components
€1, €, in the meridional and circumferential directions so that

v

v
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The differential equation of equilibrium of a conical tube of thick-
ness h has the usual form
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6(;1:51) n h (o1 r— G2) —0 )

and the yield criterion is
D2 = 5,2 — 6163 + G2 = 6,2 (2)
The relation between the stress- and
strain-rate components is of the form

&1 . &2 g1 . 2]
D 0o, oW ]ds’ °F 261 — 62 263 — Oy

which leads to

a_v 261 — Gy ¥
or '—_252—517 (3)

Usually, the condition for the incompressibility of the material is
written in the form

1 /9h oh dv v
(g tva) +atT=0 @

The above system consists of four equations in four unknown functions,
namely, 04, Oy, v and h. It belongs to the hyperbolic type and has two
families ro and a of real characteristics. The family r, is given by the
differential equations

dv 206, —Gadr dH oy dr  do

P T2 —o 1’ H & r o )

while the family a is given by

2o
dr = vda, H =  d—o 7

(H =rh) (6)
Clearly, the initial conditions are
F=rg h=h, for a =1
and the boundary conditions are
61 =0, v=1 for ro=1

Let us express the stress components o, and o, in terms of a new vari-
able ¢ using the substitution

61 25, / f14
|5 )

Oz

so that ¢ = 2m/3 corresponds to o, = O.
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It is clear that the differential equations given by Equation (5) can
now be rewritten in the form

dv sin (@ -+ = /6) dr dH  cos (@ fm/6)dr " _m
v T " sin{g—m/B) r > H__wﬂ¢nn/®r_H ( 6)“’ )

while the differential equation given by Equation (6) can be rewritten

in the form

dH sin{@4m/6)dr
Sin(o —m/6) 7

dr:vda. TI_=sin(q>——n/ 6)

(8)
Equations (7).and (8), together with
the initial and boundary conditions, show

that for a=1

Moreover, for ro = 1

)
"=va
Numerical solutions of the differential
equations given by Equations (7) and (8),
Fig. 3. using the method of finite differences,
are shown in Figs. 3 and 4. The continuous
curves are graphs of ¢; = ¢ and h as functions of r for different values
of a between 1.0 and 0.5 (in steps of 0.1). The dashed curves show graphs
of 0 and h as functions of r for ro between 0.5 and 1.0 (in steps of
0.1).

o5 o9k @ 08 49 riv

Let us now consider the problem of the drawing of a thin tube using
the linearized plasticity conditions and the corresponding relations be-
tween stress- and strain-rate components, as put forward by Prager [ 2].

The differential equation for the equilibrium of a thin tube of thick-
ness h is, as before

ohor) | h(s1—o)
ar r =

0 9)

while the yield criterion is

D =ps; — o2 =g, (/2 <p <) (10)
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The stress- and the strain-rate components are related by the simple
formulas

& €2

e = a5
30 00, — 3B [ 95,0 OF ‘atpea=0 ;,4“\
2N
hy \\
which give Yl
ov v _\\ \\‘\
G uT =0 (11) 12| N 0
\\ \\
1 e ¥
The usual condition for the incom- I Thael SN N
pressibility of the material is now 73 e N
Lon o as @ 07 g8 08 rib
v .
(G o) U—w =0 (2 Fig. 4.

The above system of equations consists of four equations in four un-
known functions, namely, Gy, 0y, ¥ and h., It also belongs to the hyper-
bolic type and has two famllies rg ‘and a of real characteristics.

The o family is defined by the differential equations
dv dr d”fi g dr  doy

TETRT W Tt w (13
while the family a is defined by the differential equations

dH dr i
dr = vda, T =k (34)

These equations, together with the
initial and boundary conditions, enable
us to obtain the solution in closed
form.

If the constant parameter p # 1, then
it is convenient to use the quantities

PLaS P R B L
l4p
m =y m

remembering that the parameter = lies
between 3 and . The variables r, r, and
e are related by

ot
m m m or rol—H* S & o L

The stress component 0; = o is determined by
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a™ dt
—1+-—Sam_~ (15)

and the radial velocity v and thickness h by

v = (—f—)‘k , h=h, ('r—°>HL (16)

The integral which enters into the previous equations for values of

m—1
p':m—|—1
corresponding to integral values of =, can be expressed in terms of
elementary functions. Thus, for example, when p = 1/2 or mn = 3, it is
clear that
o 1 1 o - V?,g T 1 V§2+§a+a2 Pe
= —_— _lh—
%, ~ P T Ve £ 20 Y3 E—o
If, on the other hand, g = 1, then the solution of the problem is
particularly simple. The variables r, r, and o are related by

1

r?d—ri=1--a?

" The stress component g, = ¢ is given
B
Y by s a
14 2 I —

cs_lnr
¥4

and the radial velocity v and the thick-

7 ness h are given by

a
10 v:—r‘, h:ho
05

Fig, 6. Numerical solutions based on Equations

(15) and (16) with g = 1/2 are plotted
in Figs. 5 and 6. The continuous curves show o, = o and h as functions
of r for values of a between 1.0 and 0.5 (in steps of 0.1). The dashed
curves show ¢ and h as functions of r for values of ro between 0.5 and
1.0 (also in steps of 0.1), Comparison of ¢ and h obtained by a numerical
solution of the differential equations (7) and (8) by the method of
finite differences, with the values of o and h obtained from Equation
(15) and (16), shows a considerable difference between them.
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